ABSTRACT. This paper presents a density type topology with respect to an extension of Lebesgue measure involving sequence of intervals tending to zero. Some properties of such topologies are investigated.
Let R denote a set of real numbers, N a set of natural numbers, and λ a Lebesgue measure on R. By L we understand a family of Lebesgue measurable sets, by L a family of Lebesgue measurable null sets, and by |I| a length of an interval I. By μ we denote any complete extension of Lebesgue measure λ, by S μ a domain of function μ, and by I μ a family of μ-null sets. If A, B are families of subsets of the space X, then we use notation A B = {C ⊂ X : C = A \ B, A ∈ A, B ∈ B} and AΔB = {C ⊂ X : C = AΔB, A ∈ A, B ∈ B}, where Δ is an operation of the symmetric difference. It is well-known that if A is σ-algebra of sets in X and B is σ-ideal of sets in X, then the family AΔB is the smallest σ-algebra containing A ∪ B.
It is clear that x 0 ∈ R is a density point of a set A ∈ L if
It is equivalent to lim
The above condition can be written as in [8] :
where {J n } n∈N is a sequence of closed intervals. Let A ∈ L and Φ d (A) = {x ∈ R : x is a density point of A}. Then the family
is a topology called density topology (see [8] ). We say that a sequence of closed intervals J = {J n } n∈N is convergent to 0 if diam {0} ∪ J n −→ n→∞ 0. We will consider sequences of closed intervals.
Let J = {J n } n∈N be a sequence of closed intervals convergent to zero. We say that the point
x is a J-density point of a set A}.
Having regard to the results of the paper [4] , we obtain the following properties:
ÈÖÓÔ ÖØÝ 2º For arbitrary sets A, B ∈ L and arbitrary sequence J of intervals convergent to zero, we obtain that
From the above property we conclude that for an arbitrary sequence of intervals tending to zero, operator Φ J is an almost lower density operator on (R, L, L) (see [3] ).
The paper [4] also contains the proofs of the following two theorems: 
is a topology such that T nat T J , where T nat denotes a natural topology on R. Topology T J described above will be called the topology generated by the opera-
For an arbitrary sequence J = {J n } n∈N tending to zero we define
Taking into account Property 2 and Theorem 2, we conclude that if α(J) < ∞, then operator Φ J is the lower density operator on space (R, L, L) (see [4] ).
Let J = {J n } n∈N be a sequence of intervals tending to zero. Let A ∈ S μ . We say that a point x 0 ∈ R is a J-density point of the set A if
x is a J-density point of the set A}.
ÈÖÓÔ ÖØÝ 3 (cf. [4])º For an arbitrary sequence of intervals J = {J n } n∈N tending to zero and for an arbitrary set
is continuous for a fixed n ∈ N, furthermore, it satisfies Lipschitz's condition. In fact, for every x 1 , x 2 we have
Directly from the definition of the operator Φ μ J , we can deduce the following property.
ÈÖÓÔ ÖØÝ 4º For any sequence of intervals J = {J n } n∈N tending to zero and any sets A, B ∈ S μ we obtain:
Now, we prove another property of the operator Φ μ J for a sequence of intervals J = {J n } n∈N tending to zero and such that 0 ∈ J n for any n ∈ N. Let I 0 denote a family of all sequences of intervals tending to zero and containing zero.
Let A ⊂ R be bounded. So, there exists an interval K such that A ⊂ K. Now, we show that for any 0 < ε < λ(K) the family
where H is a closed interval, is a Vitali cover of the set A. This is a consequence of the fact that if x ∈ A, then x ∈ Φ μ J (A), namely,
, we find arbitrary short intervals such that (J n + x) ∈ K(ε), and x belongs to the interval (J n + x) for any n ∈ N.
Hence, from the Vitali theorem there exists a sequence of closed, pairwise disjoint intervals {P n } n∈N from the family K(ε) such that
Then, A ⊂ C, C is Lebesgue measurable set and μ(C \ A) < ε. Therefore,
where B ∈ L and μ(D) = 0.
ON SOME DENSITY TOPOLOGY... 
At the same time, μ Φ
μ J (A) \ A = 0, because μ Φ μ J (A) \ A = μ Φ μ J (B \ D) \ (B \ D) = μ Φ μ J (B) \ B = λ Φ J (B) \ B . If J ∈ IB ⊂ t∈T A t ⊂ t∈T Φ μ J (A t ) = t∈T Φ μ J (B ∩ A t ) ∈ Φ μ J (B), but μ Φ μ J (B) \ B = 0, then t∈T A t ∈ S μ , and consequently, t∈T A t ⊂ Φ μ J ( t∈T A t ), which means that t∈T A t ∈ T μ J . Obviously, T d ⊂ T μ J .
Ì ÓÖ Ñ 5º For any sequence J ∈ I
0 we have
where T J is a topology generated by the operator Φ J on the space (R, L, L).
. From the proof of Theorem 3, we have
where D ∈ L and E ∈ I μ .
At the same time,
Now, we quote a theorem on extension of measure.
Ì ÓÖ Ñ 6 (see [6] )º Let (X, S, μ) be a measurable space with a σ-finite mea- Ò Ø ÓÒ 1º We shall say that operator Φ : S μ → 2 X is the lower density operator on the space (R, S μ , I μ ) if the following conditions are satisfied:
Similarly to Theorem 4, we can prove the following theorem (see [4] ).
Now, we discuss some results related separation axioms. For any sequence J ∈ I 0 we have that T nat ⊂ T μ J . Hence, the space (R, T μ J ) is Hausdorff. Paper [2] demonstrates that the space (R, T J ) is regular, and in paper [5] it was shown that (R, T J ) is completely regular for any sequence of intervals J tending to zero such that α(J) < ∞. So, for any sequence J ∈ I 0 , the space (R, T J ) is regular.
Investigating paper [7] , we get that for J ∈ I 0 the family of T J -continuous functions and T 
Since the space (R, T μ ) is regular and B is T μ -closed, then there exist 
